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Let R be a commutative Noetherian ring, I an ideal of R and let
M and N be non-zero R-modules. It is shown that the R-modules
ExtiR (N,M) are I-coﬁnite, for all i  0, whenever M is I-coﬁnite
and N is ﬁnitely generated of dimension d 2. Also, we prove that
the R-modules ExtiR(N,M) are I-coﬁnite, for all i 0, whenever N
is ﬁnitely generated and M is I-coﬁnite of dimension d  1. This
immediately implies that if I has dimension one (i.e., dim R/I = 1)
then ExtiR (N, H
i
I (M)) is I-coﬁnite for all i  0, and all ﬁnitely
generated R-modules M and N . Also, we prove that if R is local
then the R-modules ExtiR (N,M) are I-weakly coﬁnite, for all i 0,
whenever M is I-coﬁnite and N is ﬁnitely generated of dimension
d  3. Finally, it is shown that the R-modules ExtiR(N,M) are
I-weakly coﬁnite, for all i  0, whenever R is local, N is ﬁnitely
generated and M is I-coﬁnite of dimension d 2.
Published by Elsevier Inc.
1. Introduction
Throughout this paper, let R denote a commutative Noetherian ring (with identity) and I an ideal
of R . For an R-module M , the ith local cohomology module of M with respect to I is deﬁned as
HiI (M) = lim−→
n1
ExtiR
(
R/In,M
)
.
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has conjectured that for any ideal I of R and any ﬁnitely generated R-module M , the module
HomR(R/I, HiI (M)) is ﬁnitely generated, for all i. One year later, Hartshorne [11] provided a coun-
terexample to Grothendieck’s conjecture. He deﬁned an R-module M to be I-coﬁnite if SuppM ⊆ V (I)
and Ext jR(R/I,M) is ﬁnitely generated for all j and asked:
For which rings R and ideals I are the modules HiI (M) I-coﬁnite for all i and all ﬁnitely generated mod-
ules M?
Concerning this question, Hartshorne in [11] and later Chiriacescu in [3] showed that if R is a com-
plete regular local ring and I is a prime ideal such that dim R/I = 1, then HiI (M) is I-coﬁnite for any
ﬁnitely generated R-module M (see [11, Corollary 7.7]). Huneke and Koh [12, Theorem 4.1] proved
that if R is a complete Gorenstein local domain and I is an ideal of R such that dim R/I = 1,
then Ext jR(N, H
i
I (M)) is ﬁnitely generated for any ﬁnitely generated R-modules M,N such that
SuppN ⊆ V (I) and for all i, j. Furthermore, using [12, Theorem 4.1], Delﬁno [4] proved that if R
is a complete local domain under some mild conditions then the similar results hold. Also, Delﬁno
and Marley [5, Theorem 1] and Yoshida [20, Theorem 1.1] have eliminated the complete hypothe-
sis entirely. Recently, in slightly different line of research, the second author of the present paper
and Naghipour have removed the local assumption on R . On the other hand, it has been shown by
Huneke and Koh [12, Lemmata 4.3 and 4.7], that the R-module Ext1R(C, H
i
I (M)), for ﬁnitely generated
R-modules C and M , under some extra assumption, is I-coﬁnite, whenever dim(R/I)  1, and R is
local. One attempt of the present paper is in this direction. More precisely, we prove the following
result:
Theorem 1.1. Let I be an ideal of R and M be a non-zero I-coﬁnite R-module, such that dimSupp(M)  1.
Then for each non-zero ﬁnitely generated R-module N, the R-modules ExtiR(N,M) are I-coﬁnite, for all i  0.
As an application, we derive the following consequence of Theorem 1.1, that is a generalization of
the results of Huneke and Koh [12, Lemmata 4.3 and 4.7].
Corollary 1.2. Let I be an ideal of R and M a ﬁnitely generated R-module such that dimM/IM  1 (e.g.,
dim R/I  1). Then for each ﬁnitely generated R-module N, the R-modules ExtiR(N, H
j
I (M)) are I-coﬁnite for
all i  0 and all j  0.
Another aim of the present paper is to prove the following result.
Theorem 1.3. Let I be an ideal of R and M be a non-zero I-coﬁnite R-module. Let N be a ﬁnitely generated
R-module such that dimN  2. Then the R-modules ExtiR(N,M) are I-coﬁnite, for all i  0.
Divaani-Aazar and Maﬁ introduced the weakly Laskerian modules in [6] and [7]. According to the
deﬁnition, an R-module M is said to be weakly Laskerian if the set of associated primes of any quotient
module of M is ﬁnite. Also in the same papers they introduced the concept of weakly coﬁnite module.
According to the deﬁnition, if I be an ideal of R , then an R-module T is said to be I-weakly coﬁnite if
Supp(T ) ⊆ V (I) and ExtiR(R/I, T ) is weakly Laskerian, for all i  0.
Finally, as consequences of Corollary 1.2 and Theorem 1.3, we prove the following results.
Corollary 1.4. Let (R,m) be local, I an ideal of R, and M a ﬁnitely generated R-module, such that
dimM/IM  2 (e.g., dim R/I  2). Then for each ﬁnitely generated R-module N, the R-modules
ExtiR(N, H
j
I (M)) are I-weakly coﬁnite, for all i  0 and all j  0.
Theorem 1.5. Let (R,m) be local, I an ideal of R and M an I-coﬁnite R-module. Let N be a ﬁnitely generated
R-module such that dimN = 3. Then the R-modules ExtiR(N,M) are I-weakly coﬁnite, for all i  0.
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dimSupp(M)  2. Then for each non-zero ﬁnitely generated R-module N, the R-modules ExtiR(N,M) are
I-weakly coﬁnite, for all i  0.
Throughout this paper, R will always be a commutative Noetherian ring with non-zero identity
and I will be an ideal of R . For an Artinian R-module A we denote by AttR A the set of attached
prime ideals of A. For each R-module L, we denote by AsshR L, the set {p ∈ AssR L: dim R/p = dim L}.
We shall use Max R to denote the set of all maximal ideals of R . Also, for any ideal a of R , we denote
{p ∈ Spec R: p ⊇ a} by V (a). Finally, for any ideal b of R , the radical of b, denoted by Rad(b), is deﬁned
to be the set {x ∈ R: xn ∈ b for some n ∈ N}. For any unexplained notation and terminology we refer
the reader to [2] and [16]. In [22] H. Zöschinger, introduced the interesting class of minimax modules,
and he has given in [22,23] many equivalent conditions for a module to be minimax. The R-module
N is said to be a minimax module, if there is a ﬁnitely generated submodule L of N , such that N/L is
Artinian. The class of minimax modules thus includes all ﬁnitely generated and all Artinian modules.
It was shown by T. Zink [21] and by E. Enochs [8] that a module over a complete local ring is minimax
if and only if it is Matlis reﬂexive.
2. Coﬁniteness of extension modules
The following lemmas will be quite useful in this paper.
Lemma 2.1. Let R be a Noetherian ring and I an ideal of R. Then, for any R-module T , the following conditions
are equivalent:
(i) ExtnR(R/I, T ) is ﬁnitely generated for all n 0,
(ii) for any ﬁnitely generated R-module N with support in V (I), ExtnR(N, T ) is ﬁnitely generated for all n 0.
Proof. See [13, Lemma 1]. 
Lemma 2.2. Let I be an ideal of R and M be a non-zero I-coﬁnite R-module. Then for each non-zero R-module
N of ﬁnite length, the R-modules ExtiR(N,M) are of ﬁnite length, for all i  0.
Proof. Since N is a non-zero R-module of ﬁnite length, it follows from the deﬁnition that,
the set Supp(N) is a ﬁnite non-empty subset of Max(R). Now, let Supp(N) := {m1, . . . ,mn} and
J := m1m2 . . .mn . As, Supp(N) = V ( J ), by Lemma 2.1, it is enough to show that the R-modules
ExtiR(R/ J ,M) are of ﬁnite length, for all i  0. But, since R/ J ∼=
⊕n
j=1 R/mi , we may assume n = 1,
and hence J = m1. Finally, let i  0 be an integer such that ExtiR(R/m1,M) = 0. Then it is easy to see
that m1 ∈ Supp(M) ⊆ V (I). Therefore, in view of Lemma 2.1, the R-module ExtiR(R/m1,M) is ﬁnitely
generated of zero dimension, and hence is of ﬁnite length. This completes the proof. 
The next result is of assistance in the proof of the ﬁrst main theorem in this paper.
Theorem 2.3. Let M and I be as in Lemma 2.2. Let N be a ﬁnitely generated R-module such that dimN = 1.
Then the R-modules ExtiR(N,M) are I-coﬁnite and minimax, for all i  0.
Proof. If T := ΓI (N), then as Supp(T ) ⊆ V (I), it follows from Lemma 2.1, that the R-module
ExtiR(T ,M) is ﬁnitely generated, for all i  0. But, the exact sequence
0 −→ T −→ N −→ N/T −→ 0
induces the following exact sequence
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−→ Ext1R(N,M) −→ Ext1R(T ,M) −→ Ext2R(N/T ,M) −→ · · · .
Consequently, using Lemmas 2.1 and 2.2, without loss of generality, we may assume ΓI (N) = 0 and
dimN = 1. Then, by [2, Lemma 2.1.1], I ⋃p∈AssR N p. Therefore, there exists an element x ∈ I such
that x /∈⋃p∈AssR N p. Now, the exact sequence
0 −→ N x−→ N −→ N/xN −→ 0
induces an exact sequence
Ext jR(N/xN,M) −→ Ext jR(N,M) x−→ Ext jR(N,M),
for all j  0. Consequently, for all j  0, we have the following exact sequence
Ext jR(N/xN,M) −→ (0 :Ext jR (N,M) x) −→ 0.
Since the R-module N/xN is of ﬁnite length, it follows from the above exact sequence and
Lemma 2.2, that the R-module (0 :
Ext jR (N,M)
x) is of ﬁnite length, for all j  0. Therefore the R-module
(0 :
Ext jR (N,M)
I) also is of ﬁnite length, for all j  0 (note that x ∈ I). But, as Supp(Ext jR(N,M)) ⊆
Supp(M) ⊆ V (I), it follows that the R-module Ext jR(N,M) is I-torsion. Now it follows from Melk-
ersson’s theorem [17, Theorem 1.3] that Ext jR(N,M) is Artinian and hence is minimax. Now it follows
from [19, Proposition 4.3], that the R-module Ext jR(N,M) also is I-coﬁnite, for all j  0, as re-
quired. 
We are now ready to state and prove the ﬁrst main theorem of this paper.
Theorem 2.4. Let M and I be as in Lemma 2.2. Let N be a ﬁnitely generated R-module such that dimN = 2.
Then the R-modules ExtiR(N,M) are I-coﬁnite, for all i  0.
Proof. As in the proof of Theorem 2.2, we may assume ΓI (N) = 0 and dim(N) = 2. Then, by
[2, Lemma 2.1.1], I 
⋃
p∈AssR N p. Therefore, there exists an element x ∈ I such that x /∈
⋃
p∈AssR N p.
Now, the exact sequence
0 −→ N x−→ N −→ N/xN −→ 0
induces an exact sequence
Ext jR(N/xN,M) −→ Ext jR(N,M) x−→ Ext jR(N,M) −→ Ext j+1R (N/xN,M),
for all j  0. Consequently, using Theorem 2.3, Lemma 2.2 and [19, Corollary 4.4], it follows that, the
R-modules
(0 :
Ext jR (N,M)
x) and Ext jR(N,M)/xExt
j
R(N,M)
are I-coﬁnite, for all j  0. Therefore it follows from [19, Corollary 3.4] that Ext jR(N,M) is I-coﬁnite
for all j  0. This completes the proof. 
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set of associated primes of any quotient module of M is ﬁnite. Also if I is an ideal of R , then an
R-module T is said to be I-weakly coﬁnite if Supp(T ) ⊆ V (I) and ExtiR(R/I, T ) is weakly Laskerian, for
all i  0 (see [6] and [7]).
Theorem 2.5. Let (R,m) be local, I an ideal of R and M an I-coﬁnite R-module. Let N be a ﬁnitely generated
R-module such that dimN = 3. Then the R-modules ExtiR(N,M) are I-weakly coﬁnite, for all i  0.
Proof. Let Φ denote the set of all modules Ext jR(R/I,Ext
i
R(N,M)) where i = 0,1,2, . . . and j = 0,
1,2, . . . . Let L ∈ Φ and let L′ be a submodule of L. In view of the deﬁnition, it is enough to
show that AssR L/L′ is ﬁnite. To this end, according to [16, Ex. 7.7] and [14, Lemma 2.1] without
loss of generality, we may assume that R is complete. Now, suppose the contrary is true. Then
there exists a countably inﬁnite subset {pk}∞k=1 of AssR L/L′ , such that none of which is not equal
to m. Then, by [15, Lemma 3.2], m 
⋃∞
k=1 pk . Let S be the multiplicatively closed subset R\
⋃∞
k=1 pk .
Since S−1N has dimension at most 2, it follows from Lemma 2.2, Theorem 2.3 and Theorem 2.4
that S−1L/S−1L′ is a ﬁnitely generated S−1R-module, and so AssS−1R S−1L/S−1L′ is a ﬁnite set. But
S−1pk ∈ AssS−1R S−1L/S−1L′ for all k = 1,2, . . . , which is a contradiction. 
The following lemma will be useful in the proof of the second main theorem of this paper.
Lemma 2.6. Let I be an ideal of R and let A be an Artinian I-coﬁnite R-module. Then for each ﬁnitely generated
R-module N, the R-modules ExtiR(N, A) are Artinian and I-coﬁnite, for all i  0.
Proof. Since N is ﬁnitely generated, there is a free resolution
· · · −→ F2 −→ F1 −→ F0 −→ N −→ 0
for N , such that the free R-modules Fi are ﬁnitely generated, for all i  0. Therefore the assertion eas-
ily follows from the deﬁnition of the R-modules ExtiR(N, A), i = 0,1,2, . . . , and [19, Corollary 4.4]. 
Before bringing the second main result of this paper, recall that, for any proper ideal I of R , the
arithmetic rank of I , denoted by ara(I), is the least number of elements of I required to generate an
ideal which has the same radical as I , i.e.,
ara(I) := min{n ∈ N0: ∃x1, . . . , xn ∈ I with Rad((x1, . . . , xn)) = Rad(I)}.
Theorem 2.7. Let I be an ideal of R and M be a non-zero I-coﬁnite R-module, such that dimSupp(M)  1.
Then for each non-zero ﬁnitely generated R-module N, the R-modules ExtiR(N,M) are I-coﬁnite, for all i  0.
Proof. We use induction on t = ara(I + AnnR(N)/AnnR(N)). If t = 0, then, it follows from the deﬁ-
nition that Supp(N) ⊆ V (I) and so the assertion holds by Lemma 2.1. So assume that t > 0 and the
result has been proved for 0,1, . . . , t − 1. Since AnnR(N) ⊆ AnnR(N/ΓI (N)), it follows that
ara
(
I + AnnR
(
N/ΓI (N)
)
/AnnR
(
N/ΓI (N)
))
 ara
(
I + AnnR(N)/AnnR(N)
)
.
On the other hand the exact sequence
0 −→ ΓI (N) −→ N −→ N/ΓI (N) −→ 0
induces the following exact sequence
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(
N/ΓI (N),M
)−→ HomR(N,M) −→ HomR(ΓI (N),M)
−→ Ext1R
(
N/ΓI (N),M
)−→ Ext1R(N,M) −→ Ext1R(ΓI (N),M)−→ · · · .
Consequently, using Lemma 2.1, replacing N by N/ΓI (N), we may assume, without loss generality, that
N is a (non-zero ﬁnitely generated) I-torsion-free R-module, such that ara(I+AnnR(N)/AnnR(N)) = t .
Then, by [2, Lemma 2.1.1], I 
⋃
p∈AssR N p. Next, let k 0 and
Sk :=
k⋃
i=0
SuppExtiR(N,M),
and
T := {p ∈ Sk | dim R/p = 1}.
Now, it is easy to see that T ⊆ AsshR(M). But, since M is I-coﬁnite, it is easy to see that AssR M is
ﬁnite (see [18, Corollary 1.4]). Therefore T is ﬁnite set. Moreover, as for each p ∈ T , by [16, Ex. 7.7]
the Rp-module HomRp(Rp/I Rp,Mp) is ﬁnitely generated and Mp is an I Rp-torsion Rp-module, with
Supp(Mp) ⊆ V (pRp), it follows that the Rp-module HomRp(Rp/I Rp,Mp) is Artinian. Consequently,
according to Melkersson’s results [17, Theorem 1.3] and [19, Proposition 4.3], Mp is an Artinian and
I Rp-coﬁnite Rp-module. Hence it follows from [16, Ex. 7.7] and Lemma 2.6, that the Rp-module of
(ExtiR(N,M))p is Artinian and I Rp-coﬁnite, for each 0 i  k.
Let
T := {p1, . . . ,pn}.
By [1, Lemma 2.5], we have
V (I Rp j ) ∩ AttRp j
((
ExtiR(N,M)
)
p j
)⊆ V (p j Rp j ),
for all 0 i  k and all j = 1,2, . . . ,n. Next, let
U :=
k⋃
i=0
n⋃
j=1
{
q ∈ Spec R ∣∣ qRp j ∈ AttRp j
((
ExtiR(N,M)
)
p j
)}
.
Then it is easy to see that U ∩ V (I) ⊆ T . Also, since for each q ∈ U we have
qRp j ∈ AttRp j
((
ExtiR(N,M)
)
p j
)
,
for some integers 0 i  k and 1 j  n, it follows that
AnnR(N)Rp j ⊆ AnnRp j
((
ExtiR(N,M)
)
p j
)⊆ qRp j ,
which implies AnnR(N) ⊆ q. Therefore U ⊆ Supp(N).
On the other hand, by the deﬁnition there exist elements y1, . . . , yt ∈ I , such that
Rad
(
I + AnnR(N)/AnnR(N)
)= Rad((y1, . . . , yt) + AnnR(N)/AnnR(N)).
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I 
( ⋃
q∈U\V (I)
q
)
∪
( ⋃
p∈AssR N
p
)
,
it follows that
(y1, . . . , yt) + AnnR(N) 
( ⋃
q∈U\V (I)
q
)
∪
( ⋃
p∈AssR N
p
)
.
But, as
AnnR(N) ⊆
( ⋂
q∈U\V (I)
q
)
∩
( ⋂
p∈AssR N
p
)
,
it follows that
(y1, . . . , yt) 
( ⋃
q∈U\V (I)
q
)
∪
( ⋃
p∈AssR N
p
)
.
Therefore, by [16, Ex. 16.8] there is a ∈ (y2, . . . , yt) such that
y1 + a /∈
( ⋃
q∈U\V (I)
q
)
∪
( ⋃
p∈AssR N
p
)
.
Let x := y1 + a. Then x ∈ I and
Rad
(
I + AnnR(N)/AnnR(N)
)= Rad((x, y2, . . . , yt) + AnnR(N)/AnnR(N)).
Now it is easy to see that
Rad
(
I + AnnR(N/xN)/AnnR(N/xN)
)= Rad((y2, . . . , yt) + AnnR(N/xN)/AnnR(N/xN))
and hence ara(I + AnnR(N/xN)/AnnR(N/xN)) t − 1.
Now, the exact sequence
0 −→ N x−→ N −→ N/xN −→ 0
induces an exact sequence
ExtiR(N,M)
x−→ ExtiR(N,M) −→ Exti+1R (N/xN,M)
−→ Exti+1R (N,M) x−→ Exti+1R (N,M),
for all i  0. Consequently, for all 0 i  k, we have the following short exact sequence
0 −→ ExtiR(N,M)/xExtiR(N,M) −→ Exti+1R (N/xN,M) −→ (0 :Exti+1R (N,M) x) −→ 0.
But, by the inductive hypothesis, the R-modules Exti+1R (N/xN,M), are I-coﬁnite, for all i  0. Let
Li := ExtiR(N,M)/xExtiR(N,M), for i = 0,1,2, . . . ,k. Then, from [1, Lemma 2.4], it is easy to see that
514 R. Abazari, K. Bahmanpour / Journal of Algebra 330 (2011) 507–516(Li)p j is of ﬁnite length for all j = 1, . . . ,n. Therefore there exists a ﬁnitely generated submodule Li j
of Li such that (Li)p j = (Li j)p j . Let L′i := Li1 +· · ·+ Lin . Then L′i is a ﬁnitely generated submodule of Li
such that
SuppR Li/L
′
i ⊆ Sk \ {p1, . . . ,pn} ⊆ Max R.
Now, let Ni := ExtiR(N/xN,M). Then there exists a ﬁnitely generated submodule N ′i+1 of Ni+1 such
that the sequence
0 −→ Li/L′i −→ Ni+1/N ′i+1 −→ (0 :Exti+1R (N,M) x) −→ 0
is exact.
We show that Li is a minimax R-module. To do this, since for all 0 i  k, Ni+1/N ′i+1 is I-coﬁnite,
it follows that HomR(R/I, Li/L′i) is a ﬁnitely generated R-module. But Supp Li/L
′
i ⊆ Max R and Li/L′i
is I-torsion, so that, according to Melkersson [17, Theorem 1.3] L j/L′j is an Artinian R-module. That
is Li is a minimax R-module. Consideration of the exact sequence
0 −→ Li −→ Ni+1 −→ (0 :Exti+1R (N,M) x) −→ 0
shows that HomR(R/I, Li) is a ﬁnitely generated R-module for all 0 i  k. Therefore, by Melkersson’s
theorem (see [19, Proposition 4.3]), Li is I-coﬁnite. Consequently, for all 0  i  k, the R-module
(0 :Exti+1R (N,M) x) is also I-coﬁnite. In particular, it follows from the exact sequence
0 −→ HomR(N/xN,M) −→ HomR(N,M) x−→ HomR(N,M),
and inductive hypothesis that the R-module (0 :HomR (N,M) x) is also I-coﬁnite. Now, since the
R-modules (0 :ExtiR (N,M) x) and Ext
i
R(N,M)/xExt
i
R(N,M) are I-coﬁnite for all 0 i  k, it follows from
[19, Corollary 3.4] that ExtiR(N,M) are I-coﬁnite for all 0 i  k. Therefore, as k is arbitrary, it follows
that, the R-modules ExtiR(N,M) are of I-coﬁnite, for all i  0. This completes the proof. 
As an immediate consequence of Theorem 2.7, we derive the following extensions of Huneke–Koh
results [12, Lemmata 4.3 and 4.7] for an arbitrary Noetherian ring.
Corollary 2.8. Let I be an ideal of R and M a non-zero ﬁnitely generated R-module such that dimM/IM  1
(e.g., dim R/I  1). Then for each ﬁnitely generated R-module N, the R-modules ExtiR(N, H
j
I (M)) are
I-coﬁnite for all i  0 and all j  0.
Proof. As Supp HiI (M) ⊆ SuppM/IM and dimM/IM  1, it follows that
dimSupp HiI (M) 1.
Now the assertion follows from [1, Corollary 2.7] and Theorem 2.7. 
Corollary 2.9. Let (R,m) be local, I an ideal of R, and M a ﬁnitely generated R-module, such that
dimM/IM  2 (e.g., dim R/I  2). Then for each ﬁnitely generated R-module N, the R-modules
ExtiR(N, H
j
I (M)) are I-weakly coﬁnite, for all i  0 and all j  0.
Proof. Let Φ denote the set of all R-modules ExtkR(R/I,Ext
i
R(N, H
j
I (M))) where i = 0,1,2, . . . , j = 0,
1,2, . . . and k = 0,1,2, . . . . Let L ∈ Φ and let L′ be a submodule of L. In view of the deﬁnition, it
is enough to show that AssR L/L′ is ﬁnite. To this end, according to the Flat Base Change Theorem
R. Abazari, K. Bahmanpour / Journal of Algebra 330 (2011) 507–516 515[2, Theorem 4.3.2], [16, Ex. 7.7] and [14, Lemma 2.1] without loss of generality, we may assume
that R is complete. Now, suppose the contrary is true. Then there exists a countably inﬁnite subset
{pt}∞t=1 of AssR L/L′ , such that none of which is not equal to m. Then, by [15, Lemma 3.2], m ⋃∞
t=1 pt . Let S be the multiplicatively closed subset R\
⋃∞
t=1 pt . Therefore it follows from Corollary 2.8
that S−1L/S−1L′ is a ﬁnitely generated S−1R-module, and so AssS−1R S−1L/S−1L′ is a ﬁnite set. But
S−1pt ∈ AssS−1R S−1L/S−1L′ for all t = 1,2, . . . , which is a contradiction. 
Finally, the following result is a generalization of Theorem 2.7 over local rings.
Theorem 2.10. Let (R,m) be local, I an ideal of R and M be a non-zero I-coﬁnite R-module, such that
dimSupp(M)  2. Then for each non-zero ﬁnitely generated R-module N, the R-modules ExtiR(N,M) are
I-weakly coﬁnite, for all i  0.
Proof. Let Φ denote the set of all R-modules Ext jR(R/I,Ext
i
R(N,M)) where i = 0,1,2, . . . , j = 0,1,
2, . . . . Let L ∈ Φ and let L′ be a submodule of L. In view of the deﬁnition, it is enough to show
that AssR L/L′ is ﬁnite. To this end, according to [16, Ex. 7.7] and [14, Lemma 2.1] without loss of
generality, we may assume that R is complete. Now, suppose the contrary is true. Then there exists
a countably inﬁnite subset {pt}∞t=1 of AssR L/L′ , such that none of which is not equal to m. Then,
by [15, Lemma 3.2], m 
⋃∞
t=1 pt . Let S be the multiplicatively closed subset R\
⋃∞
t=1 pt . But, it easily
follows from [16, Ex. 7.7] and the deﬁnition that, S−1M is an S−1 I-coﬁnite S−1R-module of dimension
at most one. Therefore it follows from Theorem 2.7 that S−1L/S−1L′ is a ﬁnitely generated S−1R-
module, and so AssS−1R S
−1L/S−1L′ is a ﬁnite set. But S−1pt ∈ AssS−1R S−1L/S−1L′ for all t = 1,2, . . . ,
which is a contradiction. 
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